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Genera l  formulas  are derived for the ave rage  angle  factors of v o l u m e t -  

r ic and surface zones involving only a s ingle  fourfold in tegra l ,  and 

these formulas  are therefore the most  ra t ional  for numer ica l  solut ions.  

Angle  and r a d i a t i o n  f a c t o r s  a r e  found in a p p r o x i m a -  
t ion of i n t e g r a l  r a d i a n t - e n e r g y  t r a n s p o r t  equa t ions  by 
a s y s t e m  of a l g e b r a i c  equat ions  [1]; they  a r e  u sed  e x -  
t e n s i v e l y  in e n g i n e e r i n g  ca l cu l a t i ons  and they occupy a 
dominan t  p o s i t i o n  in zonal  ca lcu la t ion ;  they a r e  the  s u b -  
j e c t  of a s p e e i a I  l i t e r a t u r e  that  i s  by no m e a n s  c o m -  
p le te .  If the s y m b o l s  V and F a r e  used  to denote ,  r e -  
s p e e t i v e l y ,  the  vo lume  and s u r f a c e s  of the s y s t e m ,  the 
a v e r a g e  V-V and V - F  coef f i c ien t s  a re ,  in g e n e r a l ,  e x -  
p r e s s e d  in the f o r m  of s ix fo ld  and f ivefo ld  i n t e g r a l s .  
By m e a n s  of a l g e b r a i c  r e l a t i o n s h i p s  t h e s e  can a lways  
be e x p r e s s e d  in t e r m s  of coe f f i c i en t s  of the F - F  type ,  
i .  e . ,  in t e r m s  of four fo ld  i n t e g r a l s  [2]. In th is  ca se ,  
t h e r e  wil l  be f r o m  two to four  such i n t e g r a l s ,  c a l c u -  
l a t e d  independent ly ,  in  the f o r m u l a .  Here  we have d e -  
r i v e d  an a r b i t r a r y  type  of coef f ic ien t  involv ing  only a 
s ing le  four fo ld  i n t e g r a l .  The r a t i o n a l i z e d  f o r m u l a s  
a s s u m e  a new m e a n i n g - - t h e  mean ing  of a s e t  o r  the  den -  
s i t y  of a s e t  of b e a m s ,  l i nk ing the  e l e m e n t s  of the zones ,  
a t  s o m e  a r b i t r a r y  c r o s s  sec t ion .  The a n g l e - f a c t o r  f o r -  
m u l a s  fo r  two s u r f a c e  zones  cannot  be s i m p l i f i e d  and 
a r e  t h e r e f o r e  not  c o n s i d e r e d .  

The a t t enua t ion  ( a b s o r p t i o n  and d i s s ipa t ion )  c a p a -  
c i ty  of the  zonal  s e g m e n t  i (a i)  b e c o m e s  i m p o r t a n t .  
F i g u r e  i shows an a r b i t r a r y  s u r f a c e  F,  a n u m b e r  of 
v o l u m e t r i c  zones  on e i t h e r  s ide ,  and a l i m i t i n g  s y s -  
tern of s u r f a c e s  F i and F j .  The r a y  p a s s e s  th rough  
e l e m e n t  dF .  If i t  beg ins  in th is  e l emen t ,  the  quant i ty  
a for  the ind iv idua l  v o l u m e t r i c  zones  has  the  f o r m  

al = I --exp (- -  gl), 

a~ = exp ( - -  %) (1 - -  exp ( - -  ,,)), 

a. a = exp (--(*x + % ) ) ( 1 -  exp(- -  %)), 
. . . .  o , , o . , . , . . . .  . 

a, = exp ( - -  ('~ q- % + . . .  "~,_~)) (1 - -  exp ( - -  %)), (1) 

ab = 1 r -  exp ( - -  -%), 

a, = exp ( - -  %) ( 1 - -  exp ( - -  "~)), 

The quan t i ty  a i de f ines  the p r o b a b i l i t y  tha t  the  quantum 
e n e r g y  e m i t t e d  a t  po in t  dF  is  a t t enua ted  ( a b s o r b e d  o r  
d i s s i p a t e d )  in s o m e  d i r e c t i o n  on the s e g m e n t  r i of 
zone i. With  the Ki rchhof f  law val id ,  the quan t i t i e s  a i 
s e r v e  a l so  as  c h a r a c t e r i s t i c s  of r a d i a t i o n  fo r  zone i 
p a s s i n g  th rough  e l e m e n t  dF  

f ~ a l  Bia t"  fe, 

If we do not take into consideration all of the rays 
which reach point dF, but only those which continue 

Fig. i. Scheme of a chamber with 

surface (Fi, Fj) and volumetric 
zones  (1 ,2  . . . . .  i , b , c  . . . . .  j) .  

to zone j and a r e  a t t enua ted  by that  zone,  t h e i r  in ten-  
s i t y  at  poin t  dF  is g iven  by 

I = ~ B~a~a]. (2) 
ki 

F o r  the  r a y s  r e a c h i n g  zone Fj  th rough  e l e m e n t  dF 

I =  - - B ~ a ~ [ l - - ( a b + a ~ q -  . . .  + aj)], (3) 
ki 

etc. 
The densities of the hemispherical flows at point 

dF are expressed identically 

q= ~ IcosOdo~. (4) 
2a: 

H e r e  as  be fo re  [1, 3], angle f a c t o r s  a r e  un i fo rmly  
denoted  and def ined for  any zonal  pa i r .  An angle  f ac -  
t o r  mu l t i p l i e d  by the op t ica l  cons tan t  of the  ob jec t  of 
i r r a d i a t i o n  is  d i m e n s i o n l e s s  and def ines  the p r o b a b i l -  
i ty  tha t  the  quantum of e n e r g y  e m i t t e d  by the zone of 
the  f i r s t  index wil l  r e a c h  the zone of the second  index 
d i r e c t l y  (without i n t e r a c t i o n  with e l e m e n t s  of the  s y s -  
t em)  and wi l l  be a b s o r b e d  t h e r e ,  ff the  op t i ca l  con-  
s t an t  is  the a b s o r p t i o n  coef f ic ien t .  The p r o b a b i l i t y  
tha t  the quantum of ene rgy  wil l  be e mi t t e d  by the e l e -  
m e n t  d F  wi th in  the  so l id  angle  dco th rough  an angle  0 
is  equal  to cos  0 dw/rc. The s o l i d - a n g l e  i n t e g r a l  of the 
p r o d u c t  of th is  quant i ty  and a i de f ines  the l o c a l  angle  
f a c t o r  f r o m  poin t  dF to zone i, mu l t i p l i e d  by the a t -  
t enua t ion  f a c t o r  ki,  

. ~a~ c~ d~~ 
~ ~k~= J ~ (5) 

2n 

The quant i ty  ~dF,  iki  (when fl = 0) is  the  loca l  a b s o r p -  
t ion  c a p a c i t y  of the vo lume [4]. The a v e r a g e  angle  f a c -  
t o r  f r o m  s u r f a c e  F to zone i is  def ined by 

~F.~= ~ -  ~dF,~dF" (6) 
F 
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The a v e r a g e  angle  f a c t o r  f r o m  zone i to s u r f a c e  F is  
def ined  a c c o r d i n g  to the  r e c i p r o c i t y  r e l a t i o n s h i p  [1] 

F q~F, ~ = 4V~%. ~, (7) 

and thus a c c o r d i n g  to (5)- (7) ,  

1 
~Pt, F-- 4 n V i k ~ d F ~ a ~  cosOdo). 

F 2.~ . 

(8) 

V o l u m e t r i c  zone j is  s i tua ted  on the o t h e r  s ide  of 
s u r f a c e  F .  F r o m  (8) we find the angle  f a c t o r  f r o m  
zone i to zone j,  mu l t i p l i ed  by kj,  if the a b s o r p t i o n  
f a c t o r  fo r  e l e m e n t  dF of the in tegrand  (unity) is  r e -  
p l aced  by aj 

% , k , _  1 ~dF~a~a ,  cosOdo~; (9) 
4 ~ V i k  l 

F 2~ 

~oijk j de f ines  the  p r o b a b i l i t y  that  the  quantum of e n e r g y  
e m i t t e d  by zone i wi l l  r e a c h  zone j d i r e c t l y  and wil l  be 
a t t enua ted  by tha t  zone.  Now it  is  not  d i f f icu l t  to d e r i v e  
the  f o r m u l a s  fo r  o the r  coef f ic ien t s .  F o r  example ,  the  
coe f f i c i en t  f r o m  v o l u m e t r i c  zone 1 to c losed  she l l  F 
bounding this  zone i s  e x p r e s s e d  by f o r m u l a  (8), in 
which i should be r e p l a c e d  by the s u b s c r i p t  1. We d e -  
f ine the  coef f i c ien t  fo r  zone 1 f r o m  the r e l a t i o n s h i p  of 
the  l a t t e r  c l o s ing  on i t se l f :  

~pnkl= l--(ple---- 1 4zlvlkx ~s176176 (10) 

F 2z~ 

In s p e c i a l  c a s e s  the  i n t e g r a l  can be s i m p l i f i e d .  F o r  
e x a m p l e ,  fo r  a cube i t  is  enough to c a r r y  out  the  i n t e -  
g r a t i on  o v e r  a s ing le  face .  The angle  f a c t o r  f r o m  zone 
i to s u r f a c e  Fj  i s  g iven  by 

1 
%ei-- 4~Viki ~ d F ~  ai• 

F 2~ 

• [ 1 --  (a b + a~ + . . .  + ai)] cos 0 d }o. (11) 

H e r e  we have  used  (3). It m u s t  be s t i pu l a t ed  tha t  F i n -  
t e r s e c t  the  e n t i r e  s e t  of r a y s  l ink ing  the e l e m e n t  of the  
zona l  p a i r s .  

The  quant i ty  # def ined  f r o m  p = q/Qi,  may  be r e -  
f e r r e d  to a s  the  d e n s i t y  of the  s e t  of r a y s  at  po in t  d F ,  
p r o c e e d i n g  f r o m  zone i to the zone beyond e l e m e n t  d F .  
He re  Qi = 4Vic~iTrBi is  the i n t ens i ty  of the s e l f - r a d i a t i o n  
of zone i. C o n s i d e r i n g  (4), 

1 ~ l c o s O d o .  
P' = 4n V#~B t 

When the r a d i a t i o n  p a s s e s  to v o l u m e t r i c  zone j (F ig .  1), 
the  quan t i ty  I i s  def ined  by (2) and then  

lxa 1 ; a~a i cos 0 d co. 
4x Vlk t 

The se t  of r a y s  p a s s i n g  th rough  F i s  found by i n t e -  

g ra t ion :  

M,l= ~ l~dF - l ~  j dF ~ a~aicosOd (o. 
4z V~k, 

F F 2~ 

(12) 

The r i g h t - h a n d  m e m b e r s  of (9) and (12) co inc ide  so 
that  9 i jk j  = Mij .  The d e r i v a t i v e  of ~0ijk j with r e s p e c t  
to F y i e ld s  the  s e t  de ns i t y  #ij" Thus the new, g e n e r a l  
f o r m u l a  (9) and s i m i l a r  f o r m u l a s  a s s u m e  a s i m p l e  
meaning .  

F o r m u l a s  ( 8 ) - ( 1 1 ) a n d  those  s i m i l a r  to t hese  a r e  
e a s i l y  g e n e r a l i z e d  to the ca se  of the e f fec t ive  r a d i a t i o n  
of zone i with an a r b i t r a r y  i nd i ca t r i x ,  even for  s e l e c -  
t ive  r ad i a t i on .  With  s e l e c t i v e  r a d i a t i o n  the f o r m u l a s  
r e t a i n  t h e i r  f o r m ,  but the quant i t i es  a i and aj m u s t  
have d i f f e r en t  e x p r e s s i o n s  that  a r e  m o r e  complex  
than (1). Th is  p r o b l e m  r e q u i r e s  spe c i a l  t r e a t m e n t .  

E x a m p l e s .  F i g u r e  2 shows a s y s t e m  of two vo lu -  
m e t r i c  zones  i and j with s p h e r i c a l  o r  c y l i n d r i c a l  s y m -  
m e t r y .  The s u b s c r i p t s  1 and 2 denote  the she l l s  of the 
zones .  Sur face  3 is  a p a r t  of s u r f a c e  2, suppor t ed  by 
the t angen t s  to the  l a t t e r ,  d r a w n  f r o m  poin t  dF1. In 
view of s y m m e t r y ,  i n t eg ra t ion  ove r  F (here  F2) is  
d ropped .  F o r m u l a s  (8)-(11)  a r e  s impl i f i ed :  

_ Fz ~ a i cos 0 d ~o, 
(~iF, 4~  V i k  i 

2~ 

F2 S a~ai cos 0 d r 

2~ 

F2 ~ a i c o s  0 d (o, (piiki = 1 4n Vikl 
2~ 

F2 ~ a i (1 - -  a7) cos 0 d r 
r -- 4~x Vik i 

2~ 

w h e r e  

a i = 1 - -  exp (- -  *i), a] = 1 - -  exp ( - -  xj). 

In the  fo l lowing we use  the r a d i i  mu l t i p l i ed  by the 
a t t enua t ion  f a c to r ,  which is  a s s u m e d  to be cons tant ,  
i .  e . ,  d i m e n s i o n l e s s  r a d i i  r and R. 

T 2 F o r  s p h e r i c a l  s y m m e t r y  T i = 2r  cos  0, i = (R - 
- r ~ sin20)I/2 - r cos  0, dw = 27r s in  0d0, F2~/Viki = 

= 3 / r .  
F o r  c y l i n d r i c a l  s y m m e t r y  

COS 8 
I: i = 2r- ,  , stay 

V'R ~ -- r * sin 2 8 -- r cos e _ 

x1 ~ sin u -- 

V 6  ~ - sin ~ e - cos 
= r  - ,  

sin y 

d o~ = sin u d ~/d e, cos 0 = sin u cos e, FdVik~ ~ 2/r. 

R e f e r e n c e s  [5, 6] have been  pub l i shed  on the s u b -  
j e c t  of angle  f a c t o r s  f o r  a s p h e r i c a l  s y s t e m .  R e f e r e n c e  
[5], in which s o m e  of the  quan t i t i e s  have been  t a b u -  
l a t ed ,  is  of g r e a t e r  i n t e r e s t  h e r e .  But unl ike  th is  l a s t  
r e f e r e n c e ,  we have  c a r r i e d  out the  i n t e g r a t i o n  to the 
end fo r  a l l  of the coe f f i c i en t s .  This  y i e lde d  
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3 
q)is,= - ~ -  [/(2r)--  1 +2P] ,  %ik~= 1 --~)iF,' 

3 
c?Hk i : ~ - [ 2 P  q- f ( 2 r ) -  1 + [ ( R - - r )  - -  

- - [ ( R  + r) + (R--r )~Ea(R + r)-- 

- -  (R + r) ~ Ea (R - -  r)], 

8~7 [f(R + r)-f(R - r )  + %s, 

+ (R + r) 2 Es (R - -  r) - -  (R - -  r) ~ Es (R + r)]. 

To obtain  a comple te  solut ion,  below we wri te  the an -  
gle f ac to r s  for the su r face  zones 

1 
[ 1 - -  f (2R)],  ~)F,F, = 2R ~ 

1 [ f ( gR~7~ ) - - f (R - - r )+  q)F2F1--- 2P 

+ (R + r) ~ Ea (R  - -  r) - -  (R ~ - -  P)  E 3 ( V ~  - -  r01. 

However,  if she l l  F 2 is opaque, 

1 [1- - f (2KRW~-~P) ] .  (PF,F, = 2R~-7 

For surfaces F 1 and F 3 (without surface F2) 

1 [ / ( ] /~p)_f(R + r) + 
CPe,&-- 2R 2 

+ (R - -  r) = E3 (R + r) - -  (R = - -  P) Ea ( 1 / - ~  L_ r=)]. 

T a b l e  1 

Angle f ac to r s  f rom a sphere  (d imens ion l e s s  
r ad ius  r) to sphe r i ca l  shel l  ( d i m e n s i o n l e s s  
r ad ius  5r) .  The zones  a re  separa ted  by a 
sphe r i ca l  l aye r  of a m e d i u m  exhibi t ing th ick-  
n e s s  (5 - 1)r. (Here and in Tab les  2 and 3 
the n u m b e r s  a f te r  the dec ima l  point  a re  

shown.) 

r 1,04 1.1 2 4 

0.1 
0.5 
1.0 
2 
5 

92354 
68687 
49657 
29370 
10690 

91619 
65962 
45745 
24861 
07057 

82813 
39736 
16563 
32565 
00042 

67436 
14235 
02166 
00054 

0 

The functions En(X) are used extensively in various 

characteristics of radiation from a flat layer. For ex- 
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ample ,  2Ea(x ) defines the f rac t ion  of diffusely incident 
r ad ia t ion  passed  by a layer  without in te rac t ion ,  and 
this  goes under  the name " t r a n s m i s s i o n "  [7]. This  

Fig. 2. Section of s imp les t  
sy s t em of concent r ic  and 

coaxial  zones.  

same  funct ion with denotat ion sl(x) is used in c h a r a c -  
t e r i s t i c s  of cy l indr i ca l  sys t ems  [8]. Now the funct ion 
Ea(X) is found in the c h a r a c t e r i s t i c s  of spher ica l  s y s -  
t e ms .  Detailed tab les  a re  found in the l i t e r a t u r e  only 
for  funct ions  El(x). F r o m  the r e c u r s i o n  fo rmula  
(n - 1)En(x) = exp(-x)  - xEn_l(x) we can define the 
funct ions  E n for  any n in t e r m s  of El(x). However,  it 
is s i m p l e r  to use approximate  f o r mu l a  (9) 

Ea(x)= 0.2645 exp (--  1.1612x)+ 

+0.2355 exp (-- 2.942x). 

We tabulated the coeff icient  CPiF 1 for  spher ica l  
s y m m e t r y ,  and (#F2F 1 and ~oij for  cy l indr i ca l  s y m -  
me t ry .  F i na l l y  they a s sume  the fo rm 

a/2 a/2 

%ik]=2~isJn2ydYfar  
0 0 

[1--exp (--2r s n C~ 

x[,--exp(--r cos d  

~F2F1-- 
,n/2 ~/2 

4 ; s i n ~ ' d Y / •  

0 0 

x e x p ( - - r  Y- f2- - s in2s - -c~  ) c~ d e ' s I n -  y 

It is advisab le  here  to include only c e r t a i n  va lues  of 
these  quant i t i es  as cont ro l  points  for the p r o g r a m s  

(Tables  1, 2, and 3). The quant i t ies  ~ijkj  and ~PF2F1 
have been  der ived  by means  of Gauss i an  quad ra tu re s  
with five a b s c i s s a s .  

Tab le  2 

Angle  f a c to r s  mul t ip l i ed  by the a t tenuat ion  coeff ic ient  f rom an 
inf in i te  cy l inde r  (d imens ion l e s s  r ad ius  r) to an ad jacent  coaxia l  

c y l i n d r i c a l  l aye r  ( d imens ion l e s s  r ad ius  5r).  

6 
r 1.05 l.I 1.2 l.S 2 3 m 

0.1 
0.5 

1 
2 
5 

0079 
0247 
0325 
0362 
0333 

0154 
0468 
0605 
0644 
0533 

0296 
0868 
1074 
1066 
0756 

0683 
1831 
2064 
1763 
0958 

1253 
2974 
2988 
2179 
0989 

2228 
4335 
3751 
2342 
0992 

8847 
5960 
4071 
2364 
0992 
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Table  3 

Angle f a c t o r s  for coaxial  inf ini te  cy l indr i ca l  s u r f a c e s - - f r o m  
the ins ide  to the outside.  The d i m e n s i o n l e s s  radi i  a re  r and 6 r. 

6 
f 

1.05 1.1 1,2 1,5 2 2.5 3 

0.1 
0.5 

1 
2 
5 

99117 
95698 
91652 
84224 
66099 

98313 
91936 
84699 
72228 
45992 

96815 
85290 
73128 
54358 
23643 

92775 
69397 
48966 
25137 
03879 

86808 
50511 
26501 
07726 
00238 

81419 
37312 
14777 
02507 
00016 

76462 
27789 
08369 
00836 
00003 

NOTATION 

a i is the a t tenuat ing  abi l i ty  of zone i in a c e r t a i n  d i -  
rec t ion;  ~i = ~ kdl is the d i m e n s i o n l e s s  i - th  sec t ion  of 

zi 
a t tenuat ion  of a ray;  Ii is  its length, m; k = a + fl is 
the a t tenuat ion  factor ,  m- l ;  a and fl a re  the absorp t ion  
and s c a t t e r i n g  coeff ic ients ,  m - l ;  B = cr T4/r ;  a = 5.58. 
�9 10 -8 W / m  2 deg; T is the t e m p e r a t u r e ,  ~ I is the r a -  
d ia t ion  in tens i ty ,  W / m  2 s te rad ian ;  q is the dens i ty  of a 
hemi sphe r i ca l  flow, W/m2; 0 is the angle between the 
n o r m a l  to a su r face  e l emen t  dF and a ray; dw is the 
e l emen t  of a solid angle l imi t ing  a beam of rays ;  ~ and 

a re  the local  and mean  angle fac tors ;  V and F a re  
the vo lume and surface ;  M and p a re  the set  and d e n -  
s i ty  of the set  of r ays ,  connect ing e l emen t s  of two zones;  
r and R are  the d i m e n s i o n l e s s  r ad i i  ( radi i  mul t ip l ied  
by a t tenua t ion  factor ;  see Fig.  2); x is a d i m e n s i o n l e s s  
a rgument ;  e is  the angle between the n o r m a l  to sur face  
e l e m e n t  dF 2 and ray  p ro jec t ion  onto the sec t ion  of a two- 
d i m e n s i o n a l  body; r / 2  - 7  is the angle be tween this  
p ro jec t ion  and the r ay  so that cos 0 = s i n 7  cos e. 
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